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NMpumeHeHne noteHumanoB [lebasa ansa pacyeTta nepBUYHOro
nonsi B U3OTPOMHOM yrnpyron cpeae, Bo3dyxaaemomn
BepPTUKaNbHbIM UCTOYHUKOM

B.B. Boapos, A.A. Komapos, E.C. ManeBuu

[pemnoxeHo aHATUTHYECKOE PEIIeHUe 3a1a4i BO30Y>KACHHSI N30TPOITHOH YIPYToi Cpelbl BEPTHKAIBHEIM TOUYSYHBIM HCTOYHUKOM. JTa
3aada ABIISACTCA MOJleJ'lI)HOI\/'I U, KPOME€ TOIr'0, BXOAUT B PEHICHUE APYTUX MOACIIBHBIX 3a1a4 TUIla 3036y>1<11em/m BOJIH B TJIOCKOCJIOMCTOM
cpezne. Pemenne ocHOBaHO Ha MPUMEHEHHH METOA MOTeHIHanoB Jle6as, KOTOPBIH MINPOKO UCTIONb3yeTCs MPHU PEIICHUH Pa3IHIHbIX 33149
JNMEKTPOJMHAMHUKH, TaKUX KaK: M3JIydeHHe aHTEeHHBI JOCTATOYHO IIPOM3BOJIBHOTO BHUJIA HAJ IIOCKOCIONCTOI AMAIEKTPHUIECKO Cpeoi,
y4eT BIMSHUS CIOKHOTO OOTEKaTelsl JIETaTeNbHOro annapara Ha paboTy aHTeHHOH CHCTEMBI paJHOJIOKallMOHHON CTaHIWY (BIMSHUE Ha
Auarpammy HaIpaBJI€HHOCTHU aHTEHHBI U NEJICHIAallMOHHBIC XapaKTEPUCTUKU CUCTEMBI B LleJ'IOM), IIPOCKTUPOBAHUEC LICJICBBIX U3JTydyaTe-
Jiel ¢ 3aNUTHIBAIONINM PE30HATOPOM, H3TyUSHNE PYTIOPHBIX U BOTHOBOAHBIX aHTEHH B MAaTHATOAUANIEKTPHIECKOE MOMYIIPOCTPaHCTBO. Bo
MHOTHX CITydasiX yIaeTcs HOJyIHTh aHATNTHIECKOE PEIICHNE 3a/1aul, €CIIU JKe OHO HEIOCTYITHO, TO YMCIEHHBIE METOIbI, pa3paboTaHHbIe
C UCIOJIL30BaHUEM TTOTeHIHAN0B [lebast, 0ka3bIBatoTCs S)(GEKTHBHBIMU C BEIYHCIUTEILHOH TOUKH 3pEHHS. 3HAUMMOCTh aHAJTUTHYECKOTO
PEUICHUA 3aKIII0YACTCA B IPOCTOTE U HAINIAAHOCTH TPAKTOBKHU U TIOHMMAaHWU MIPOLECCOB PAaCPOCTPAHCHHUS BOJIH B OTVIMYHUE OT YUCJIICHHOTO
pemrennsa. OHAKO NPUHIUIHAAIBHOE OTIINYHE 33/1ad BO30YKICHHS YIPYTHX TN OT NMEKTPOIHHAMUYECKHX COCTOUT B PACIIPOCTPAHEHUH
JIBYX THIIOB BOJIH B YIIPYTHX CpeJlax: MOIEPeYHbIX U IPOAOIBHBIX. DTa 0COOCHHOCTH CYIIeCTBEHHBIM 00pa30M YCIOKHSIET KaK aHATUTHYIe-
CKOE pellleHHe, TaK U caM IIPOLecC paclpoCTPaHEHUs YIPYIHX BOJH 10 CPABHEHUIO C IIEKTPOMATHUTHBIMY BOJIHAMH.

C y4eToM JaHHOH 0COOEHHOCTH NPEUIOKEeHa METOANKA pacyeTa BO30y KICHHs H30TPOIHOH YHPYTO# Cpe/ibl ¢ UCIIONB30BAHUEM alnapaTa
noreHnuanos [lebas. I[lokasano, 4To moje cMemeHUH M30TPOIHON yNPYrol Cpensl MpU €€ BO30YKAECHHH BEPTHKAIBHBIM HCTOYHHKOM
TIPE/ICTABIISIETCS B BUIE CyMMBI IOJICH IIPOIONIBHOM M OIIEPETHOI BOIH U CHMMETPHYHO B INIOCKOCTH, MEPIIEHIUKYIIPHON OCH HCTOYHU-
ka. ITomy4eHsl IPOCThIE aHATMTUUECKUE BBIPAXKEHUS AJIs1 pacueTa Mol CMEIIEHHs B IPOU3BOJIBHON TOUKe NpocTpaHcTBa. IIpoBeneHo cpas-
HEHHE Pe3yJIbTaToOB PAcCyeTOB 110 AaHAIMTHYECKUM (OpMyTaM ¢ TAaHHBIMH YHCICHHOTo MojienpoBanus B mporpamme COMSOL Multiphysics
3.5a. Tak kak mporpaMma npeHa3HaueHa JUIs pacueTa CTPyKTYp KOHEUHBIX pa3MepoB, OblIa pa3paboTaHa OpUTHHANbHAS MOJETb Heorpa-
HUYEHHOH yIpyroi cpensl B Bue cdepsl OombIroro paguyca (= 20 IIHH BOJIH) ¢ paAHaIbHO-CHMMETPHYHBIM ITOTTIONICHHEM.

Knrouesvlie cnosa: ynpyras cpena, moteHImansl Jlebas, mponoibpHas U MonepeyHas BOJHBI, HHTErpan dypbe, TOUeUHbIH UCTOYHUK, YHC-
JICHHOE MOJICJIIPOBAHUE.

Jls yumupoesarnus: Boapos B.B., Komapos A.A., Manesuu E.C. [IpiumMenenue notenimanos J{ebas f71s pacyeTa NepBUYHOTO MOJIS B H30TPOITHON
yIIpyTOii cperne, Bo30y:KIaeMoil BepTHKaIbHBIM nctodHukoM // Bectauk MOU. 2017. Ne 4. C. 129—134. DOI: 10.24160/1993-6982-2017-
4-129-134.

Using the Debye Potentials to Calculate the Primary Field in an
Isotropic Elastic Medium Excited by a Vertical Source

V.V. Bodrov, A.A. Komarov, E.S. Malevich

An analytical solution of the problem of exciting an isotropic elastic medium by a vertical point source is proposed. This problem is a model one
and is also a part of the solution of other model problems such as wave excitation in a plane-layered medium. The solution is based on the method
of Debye potentials, which is widely used in solving various problems of electrodynamics. The range of these problems includes radiation from
an antenna of a fairly arbitrary kind over a plane-layered dielectric medium, consideration of the effect an intricate fairing of an aircraft has on the
operation of the radar station antenna system (the effect on the antenna pattern and the direction-finding characteristics of the system as a whole),
designing slit radiators with a feeding resonator, and radiation from horn and waveguide antennas into a magnetodielectric semi-space. In many

BectHuk M3WN. Ne 4. 2017



130 PAOVNOTEXHUNKA U CBA3b

cases, it is possible to obtain an analytical solution of the problem; if an analytical solution is not available, numerical methods developed using the
Debye potentials are effective from the computational point of view. The significance of an analytical solution lies in the simplicity and clarity of
the interpretation and understanding of the wave propagation processes in contrast to a numerical solution. However, the fundamental difference
between the problems of exciting elastic bodies from electrodynamic ones is in that two types of waves, namely, transverse and longitudinal
ones, propagate in elastic media. This feature substantially complicates both the analytical solution and the elastic wave propagation process in
comparison with electromagnetic waves.

In view of this specific feature, a technique for calculating the excitation of an isotropic elastic medium using the apparatus of Debye potentials is
proposed. It is shown that the displacement field of an isotropic elastic medium excited by a vertical source is represented as the sum of longitudinal
and transverse wave fields, and symmetrically in the plane perpendicular to the source axis. Simple analytic expressions for calculating the
displacement field at an arbitrary point in space are obtained. The results of calculations using analytical formulas are compared with the data of
numerical modeling in the COMSOL Multiphysics 3.5a computer program. In view of the fact that the COMSOL Multiphysics 3.5a computer
program is intended for calculating structures with finite dimensions, an original model of unlimited elastic medium in the form of a large-radius
sphere (around 20 wavelengths) with radially-symmetrical absorption was developed.

Key words: elastic medium, Debye potentials, longitudinal wave, transverse wave, Fourier integral, point source, numerical simulation.

For citation: Bodrov V.V., Komarov A.A., Malevich E.S. Using the Debye Potentials to Calculate the Primary Field in an Isotropic Elastic
Medium Excited by a Vertical Source. MPEI Vestnik. 2017; 4: 129—134. (in Russian). DOI: 10.24160/1993-6982-2017-4-129-134.

BBeaeHune

[orenmnmansr Jebass MHUPOKO HCIIONB3YIOTCS TPH pe-
IIEHUH 3a7ad dJeKTpoauHaMuku [1, 2] u akyctuku [3].
OCHOBHOE OTIMYHUE 3a/a9 BO30OYKICHUS YIPYTHX TEN OT
SIEKTPOJMHAMUYECKUX COCTOUT B HAJIMYUU ABYX THUIIOB
BOJIH B YIPYIHMX Cpelax: MONEpPEYHBIX U MPOAOJIbHBIX.
C y4JeToM NaHHOH OCOOECHHOCTH TpEIIOKEHa METOAMKA
pacueTa BO30yXICHUS U30TPOIHOW YIPYTOH CPENbI C HC-
MTOJTb30BAHUEM aImapara IoTeHIHAIoB Jlebas.

MocTtaHoOBKa 3apaumn

W3zorponHas TBepaas ynpyras cpefa XapakTepu3yeTcs
TpeMsl TapaMeTPaMH: YIETBHOM TIIOTHOCTBIO P, MOMYJIEM
IOmnra E u xoapunnentom [Tyaccona v. CocrostHne Takon
Cpelbl ONHMCHIBAETCSI BEKTOPOM CMELICHUS U, YIOBIETBO-
psrormM udhepeHIuaTsHOMY ypaBHEHHTO [4]

2

P, ZTI; =GAu + ggraddiva +u, (x,y,2,1), (1)
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G-l g-Gimi- 2
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u, (X, y,2,1) — BEKTOP EPBUYHOTO BO3ACHCTBS Ha CPELLy.
T'eomeTpus mocraBneHHOM 3ajauu pUBEAEHA Ha puc. 1.

Touka HCTOUHIKA

Touka HadmoacHIA

Puc. 1. ['eomeTpus mocTraBieHHOH 3a1a491

PaccMoTpuM rapMoHHMYecKHe KoynebaHHs C BpEMEH-
HBIM MHOXXUTEJEM €. YpaBHEHHs KojeOaHUil B ynpyrou
cpene ¢ TapMOHUYECKUM BHOPATOpPOM, HaIpaBiICHHBIM 110
OCH z, TIPUMYT BH]T
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JleBas u mpaBas 4yaCTM 3TUX yYpaBHEHUN MMEIOT pas-
MEpHOCTH CHJIBI, OTHECEHHO! K enuHuIe oo0bema. Tak kak
TpexXMepHast eNbTa-QyHKIHI HMEeT pa3MepHOCTb M, TO
pasmepHocTh A, — H.

MeTtoauka peweHuns

HckoMoe BEKTOPHOE 10JI€ CMEIIEHHUH U PeCTaBIsAET-
cs B Buje unrerpaina Oypoe:

uon (x’ Vs Z) = _[ _[ U(x (Kl ’ K2 s Z)eiiKIX7iK2AvdKldK2 : (3)
Jenbra-(hyHKINIO TarxoKe IMPEeICTaBiM B BU/I€ HHTETpa-
na dypse [5]:

3(x—0)3(y-0)8(z-0)=

1 T —iK]X—ikQy (4)
:6(2—0)WJ‘ Ie Y gy d,.

—00 —00

[Torenuuan [ebas F'[1] BBeaeM cienyronmm o0pa3oM:
U, (KI,KZ,Z) =-ix, F;

U, (x,,%,,2) =ik, F. ©)
IoncraBum (3) — (5) B (2), ydrem, 4To MPOU3BOIHBIC
0/0x; 0/0y; 0*/0x?; 0°/0y*; 0%/ OxOy MOKHO BBIYMCIIUTH B SIB-
HOM BHJIE TI0Jl 3HaKoM uHTerpana dypwe, n Ucroabp3yeM
(hyHDamMeHTanbpHOE CBOMCTBO MHTerpana dypre, KoTopoe
IJIACHT, YTO U3 PaBEeHCTBa MHTErpasioB Oypee cienyer pa-
BEHCTBO CIIEKTPOB. B pe3ynbrare noimydum cucremy oObIK-
HOBEHHBIX UG PEepeHIINaTbHBIX YPaBHEHUH Ul OTpe/e-
nenus F'u U(x,, K, 2):
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CucreMy ypaBHeHHUH (6) pemuM ¢ TOMOIIBIO METOIH-
KH, TIOAPOOHO M3II0KEHHOM B [6]:
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[Moncrasus B (3) Beipaxenus (5), (10) ¢ yuerom (9), Haii-
JIeM, 4TO I10JIe CMEIeHHI ONpeeNsieTcsl BEIpaKeHUAMU
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WuTerpan mo nepeMeHHON 0 BBIYMCIISIEM B SBHOM BUIE
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Puc. 2. Cucrema koopauHAT JUTS BEIYHUCIICHNS KOMIOHEHTEl CMe-
LIEHUI B yIpyroi cpene

AHaJIOTHYHO IS COCTABIAIOIIEH u (7, Z) UMCEM BBI-
paxkeHue

u,(r,z)=
. (18)
}'J. \/7 7‘/: + 4K k2 \/:}l KdK

Wurerpanst B (15), (16) MOKHO BBIpasuTh 4depe3 W3-
BECTHBII UHTErpan [5]
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e R =r? +2°.

Torna Beipaxenus (17), (18) 3anuimeM B BUAE CyMMBI
TIPOJIOJIbHON U MOMEPEUHON COCTABIISIOMIMNX:

u, (r,z) =u, (r,z) +u, (r,z),

e
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BepM(*)VIKaLIMﬂ noNly4YeHHbIX pe3ynbraTtoB

i mpoBepkr pabOTOCIOCOOHOCTH MPEAIOKESHHON
METOJMKH OblIa TpOBeleHa BepH(UKaIMs MOTYyYEeHHBIX
BBIP@KEHUI CpaBHEHUEM C PE3YIIBTATAMHU YHCIIEHHOTO MO-

nenupoBanus B nporpamme COMSOL Multiphysics 3.5a
[8]. TTockonbky mporpamMma TpeaHa3HaueHa IS pacdyera
CTPYKTYP KOHEUHBIX pasMepoB, TO JUI MOJEIHPOBAHMS
OECKOHEUYHBIX CTPYKTYp B MOZAENb HEOOXOIMMO BBOIHUTH
moryionmenye. B kadecTBe Mojmenu Oe3rpaHUYHON Cpembl
HcTonb3yeM cdepy Oompiroro paauyca (=~ 20 ATHH BOTH) C
ToromeHueM (puc. 3).

B mporpamMmMe MOXXHO HCIIONB30BaTh TeNla BPAIICHUS,
MIO3TOMY Ha pHC. 3, @ IPEACTaBIeHA TOJIBKO 00pasyronias.
B navane crcteMbl KOOPIUHAT PACIIOJIOKEH TOYEIHBIH HC-
TOYHHUK, HampaBlieHHbIH 0 ocu OZ U IelCTBYOIIEH ¢ cu-
noii B 1 H. [loromenne BHyTpH chepbl H3MEHSETCS BIOJIb
paauyca o KyCO4HO-JIMHEHHOMY 3aKoHY (cM. pHc. 3, 0).

PacyeTsl mpoOBOAMIKCH TPU  CIEAYIONIMX 3HAYe-
HUSAX mapameTpoB: momyiab FOura E = 3,5-10"° H/m?
momyns cagura G = 1,3-10' H/M?, maoTHOCTH ympyroi
cpennl p, = 2450 xkr/m’; = 10 xI'u. Ha puc. 4 npencrasie-
HEI 3aBUCHMOCTH MOMYIISl KOMIIOHEHT CMEIICHHUS U M U_ OT
paccTosinus » npu z = 0,1 m.

Ha puc. 5 nzo0pakeHa 3aBUCHMOCTH MOJYJISI KOMITO-
HEHT CMEMIEHMS U ¥ U OT PACCTOSHMA T TP Z = 1 M.

W3 naHHBIX, IpeACTaBIEHHBIX Ha pUC.4, 5, BUAHO, UTO
pe3ynbrartsl pacuera 1o popmyiam (17), (18) cormacyrores
C pe3yJbTaTaMy YHCICHHOTO MOJICTUPOBAHMSI.

3akniouyeHue

[MpemiokeHa METOMUKA pacueTa MEePBHYHOTO MO B
M30TPOMHON YHPYroi cpene, Bo30yKAaeMON BEPTHKAIb-
HBIM MCTOYHHMKOM, HA OCHOBE MPUMEHEHHs MTOTCHI[UAIOB
Jebas.

[MokazaHo, 4YTO mNpH BO30YNKAECHHM YIPYro cpe-
Il COCPEJOTOYEHHOM  CHJIOM, HUMEIoUeil  TOJBKO
Z-COCTABIISIOIILYO, [10JI€ CMEMICHHUS — CyMMa HPOI0JIbHOM
U TIOTIEPEYHON BOJIH — B MOJSIPHON CHUCTEME KOOPAUHAT
HE 3aBUCHUT OT yIJIa () U XapaKTepH3yeTCs CMEUICHUSIMU
u (r,z), u_(r, z).

IMpoBeneHa BepuUKANUs MOMYYEHHBIX DPE3YIbTaTOB
MyTEM CPaBHEHUS C JAHHBIMU YHCIEHHOTO MOIEIHPOBA-
Hus B mporpamme COMSOL Multiphysics 3.5a.

B »toit oGnacti
HeT IOJIOIEeHHA ~—_|

‘A

Hetounnk

_-B atoit 0Gnacti
BBOJINTCA NOTIOMEHHE

0.8

0.6

Puc. 3. Mogaens ynpyroii 6e3rpannynoit cpeasl B Comsol 3.5a (a) 1 3aBUCUMOCTD KOG PHUIMEHTA MOTIOLICHHUS 0. OT paauyca chepsl (6)
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Puc. 4. 3aBucumocTs u, (a) ¥ u_ (6) KOMIOHEHT CMENIEHUs OT PaccTosAHUs 7 Tipu z = 0,1 M:
1 — pacuet o ¢hopmysam (17), (18); 2 — pacuer B COMSOL Multiphysics 3.5a
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Puc. 5. 3aBucumocts u, (@) ¥ u_(0) KOMIIOHEHT CMELIEHHS OT PACCTOAHMA ¥ IpU z = 1 M:
1, 2 — Te xe, 4TO Ha puC. 5
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