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Llenble ¢oyHKUMM C onpeaeneHHbIMM apupmMeTUYeCKUMmn
cBOMUCTBaMM

C.®. Kynaun, B.A. ITonkonaepa, T.A. CaiibHukoBa, A.5. SIHUeHKO

HccnenoBaHs! nemnble (GyHKIMH, 3HAUYSHHS KOTOPBIX B TOYKaX HEKOTOPOTO AMCKPETHOTO MHOXKECTBA O0JIAAIOT ONpeielIeHHBIMH apH(MeTH-
YECKUMH cBoWcTBaMU. IIpH BCSIKOM HEOTPHLIATEILHOM YHUCIIE p OLpeiesieH Kiace F(p), COCTOAIIMI U3 BCeX LeNbIX (QYHKIMIA, 00aaonmx
CJIEIYIOIIMMHU CBOMCTBAMU:

JorapumM MakcUMyMa MOIYJIS K&KI0H 13 pyHKIM Ha Kpyre paanyca R He IPEeBOCXOIUT R B CTENEHH p (TP A0CTATOYHO OONMbUINX R);

JUISL KKII0H (pyHKIMH 13 F(p) CyIecTBYeT CEKTOp C LIEHTPOM B HyJIe, BHYTPH KOTOPOTO (hyHKIHS He 0OpariaeTcs B Hyllb HU B OHOM TOUKE;

B TOYKAX HEKOTOPOH ABYMEPHOH KOMIUIEKCHOH pemeTky (o0mero Buaa) GyHKuus n3 F(p) npuMeT 3Ha4YeHHE U3 KOJIbA HEeJIbIX HEKOTOPOTO OIS
areOpandecKux grcen K, sBISIOMErocsi KOHSUHBIM PACIINPEHUEM I0JIsI PAllMOHATIBHBIX YHCEI, IPHYEM JIOrapH(MBI BEICOT 3HAUCHUI (QYHKIMH
B TOYKaX PEIETKH, JKAIMX BHYTPH Kpyra pagnycoM R (c IEHTPOM B HyJe), He IPEBOCXOIAT R B CTEMEHH p (TIPU AOCTATOYHO OONBIIHX R).
Onycana cTpyKTypa KiaccoB F(p) Ipu p, nexalieM B OTpe3Ke ¢ KOHI[AMHU U3 SAMHUILBI ¥ KBAIPaTHOTO KOPHS U3 JIBYX.

IMokazaHo, uTo Jr00ast PYHKIHS U3 TAKOTO Kilacca sBISIETCS TMO0 MHOTOYWICHOM, JIMOO MPE/CTaBIsieT co00i palMoHANIbHYI0 (GYHKIIUIO CIie-
LHAJIFHOTO BUJia (OTHOILIEHHE MHOTOWICHA U MOHOMa) OT OJJHOM WM JIByX 9KCHOHEHT ¢ KO3 PUIMEHTaMH, IPUHAVIIKAIINMI HEKOTOPOMY
TIOJTI0, — KOHEYHOMY pacIIMpeHHIo mois K.

Jlnst momy4eHust (pyHKIMOHANBHBIX YpaBHEHHMIT HCTIONIb30BaH Kinaccuueckuii meron Ienbhonna. TIpi HaXOXKACHUH LENBIX PELICHUH MOMy-
YeHHbIX (DYHKIHOHAJBHBIX YPaBHEHUH HCIIONB30BaHa CO3JaHHAsl aBTOPAMH HOBasi TEXHHKA CPABHEHHS ONM3KUX 3HAYCHUH LIENbIX QYHKIMN
KOHEYHOTO TOpsi/IKa.

Kniouegvie crosa: nenble QyHKINH, TI071€ anreOpanuecKuxX YKCe, ABYMEPHbIE PEIIECTKH.

Jna yumuposanusa: Kymua C.®., [lonkomaesa B.A., CanpHukoBa T.A., SIHuenko A.Sl. Llenble hyHKINH ¢ OnpeneIeHHBIMUA apupMeTHIEeC-
kumu coiictBamu // Bectauk MOMU. 2017. Ne 6. C. 158—160. DOI: 10.24160/1993-6982-2017-6-158-160.

The Integer Functions with Certain Arithmetic Properties

S.F. Kudin, V.A. Podkopayeva, T.A. Sal'nikova, A.Ya. Yanchenko

Integer functions the values of which have certain arithmetic properties at the points of a discrete set are studied. Given any nonnegative number
p, we define the class F(p) consisting of all integer functions having the following properties:

(a) The logarithm of the maximum modulus of each of the functions on a circle of radius R does not exceed R to power p (for sufficiently large
values of R).

(b) For each function of the class F(p) there is a sector with the center at zero, inside of which the function does not become zero at any point.

(c) At the points of a complex two-dimensional lattice (of the general form), a function from the class F(p) takes a value from the ring of integers
in a certain field of algebraic numbers K that is a finite extension of the field of rational numbers, and the logarithms of the heights of the function
values at the lattice points lying inside the circle of radius R (centered at zero) do not exceed R to power p (for sufficiently large values of R).
The structure of the classes F(p) with p lying in the interval with the ends equal to unity and the square root of two is described.

It is shown that any function from this class is either a polynomial or is a rational function of a special form (the ratio of a polynomial to a
monomial) from one or two exponentials with coefficients belonging to a certain field that is a finite extension of the field K.

For obtaining the functional equations, Gelfond's classical method was used. In finding the integer solutions of the obtained functional equations,
the authors used their newly developed technique of comparing close values of finite-order integer functions.
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Borpockl  mccneoBaHus KJIACCOB LENbIX (DYHKIMH,
MIPUHUMAIOIINX HA 33JJaHHOM JMCKPETHOM MHO)KECTBE 3Ha-
YEHUS U3 APYTOTO ANCKPETHOTO MHOXKECTBA, JIEXKAT Ha Iepe-
CEYCHHUHN TEOPUH YUCEN ¥ MHTEPIIOALMHN LEIbIX (PyHKIHA.

OpnHo¥ W3 MepBEIX pabOT B 3TOM HalpaBICHUH Oblia
crarbsa Jl. Tloita [1], 3arem A.O.I'enmboHn mccienoBan
KJIacC LeNBIX (YHKIMH, KOTOpbIE B TOYKaxX ABYMEPHOH
PECUICTKH TayCCoBa IOJIA NPpUHUMAJIN LEJIBIC 3HAYCHUA U
paciu He ObicTpee 3KCHOHEHTHI [2]. B nmanmpHeiiem psin
MAaTEMAaTUKOB IMOJYYWIN Pa3IMYHbIC PE3YyJbTaTbl B 3TOM
HanpasieHuu [3], [4].

Tem He MeHee, KJIacChl HENbIX (YHKINH, KOTOpbIE MO-
T'YT pacTd ObICTpee SKCIIOHEHTHI ¥ IPUHUMAIOT IIeJIble pa-
LMOHAJIbHBIE 3HAYCHUs (WM 3HAYEHUs M3 KOJbLA IIEJBIX
(PMKCUPOBAHHOTO aNTeOpPandecKoro IMojsl) B TOYKAX JABY-
MEpHOH pemreTkd oOmero Buaa, He OBUTH HCCIICIOBAHEIL.
OpnHoii 13 IepBHIX paboT B 3TOM HampasieHHH ObLIa [5].

O6o3naunm yepe3 N, Z, Q, R, C mHoxecTBa Hary-
paJbHbIX, HCJIbIX, pallUOHAJIbHBIX, [[eﬁCTBHTeHLHBIX n
KOMILIEKCHBIX 4Hcel; M[f] — KOJbLI0 MHOTOWICHOB Hall
T10JIEM WJIM KOJIBLIOM M.

[Mycts v, v,€ C takume, uro v /v,e C\R; I' — pemmerka,
= {11"1 +0Lv,y; 1,1, € Z}. ITpn BCAKOM IOTIOKUTENEHOM
p € R ompenenum kiacc FP, a UMeHHo f(z)€ ch>

o f(z) — nenas ¢pynkuws, f0) = 1, npuuem cymecTByeT
CEKTOp Hf= {z:p <argz <y}, rme ¢ <\ TakoH, 9TO BHYTPH
11, mer Hyneit ¢dysknnu f(z);

o M, (R)= ﬂaﬁ f (z)‘ OpH BCAKOM JOCTATOYHO
' z|I<

6onbioM R > 0 cnipaBeyIMBa OLICHKA lan(R) <Rr;

e cymiecTByeT moje anredpandeckux uncen K[K : Q] <
< oo, Taxoe, uro mpu Beex wel'NII, flw)el, (I, — xomb-
o Henbix nonmst K), MpuueM CyIIeCTBYET IMOCTOSHHAsS
Y, > 0, Takas, 4To 1y BBICOT anredpandeckux uucen fm)
npu Beex @el' ) H[Cl'[paBeZlJ'II/IBa OlIEHKa

InH(f (o))<, (|ln|f(o>)|| + 1).

Otmernm, uto mipu 0 < p < 1 kacc F omucan B [2].

Lenp manHO# pabOTHI 3aKITIOYACTCS B ONMMCAHUN KIIac-
ca F npu 1£p<\/§.

Teopema. [Tycms f € F npu nexomopom 0 <p < V2.

Tozcoa ona mobou u3z gyHkyui g(z)e {f(vlz);f(vzz)}
Cnpageonuso ymeepoicoeHue, YMo Cyujecmeyem noiue
K,[K, : Q] <+, maxoe, umo:

bo g(z)=P(z) e K [z];

oo g(z)= efN(lna)zP(e(]"a)z), 20e ae K\{0; 1};
Ne N U {0}; P(1) < K, [1];

ubo g(Z) _ e—(Nl Inoy+N, lnaz)zp(e(]nal)z e(ln(xz)z ), 20e

Ny, N, e NU{0}; ay,a, € K, \{0,1}; {Inay,Ina, } —mw-

>

netino nesasucumvl Hao Q; P(t, t)eK [t,, 1,].

IIpu noxas3arenbCTBE TEOPEMBI HCIIOIb30BAHBI CIEIYIO-
IMe yTBEpKaeHUs (MIPUBEACHBI 0€3 T0Ka3aTeIbCTB).

Ipenaoxenne 1. ITycts f{z) € F,1<p< 2 u npu
BCskoM R > 0

oty

Cr :{z:R£|z|S3R; argz—T

£%(\p—(p)}.

Torma cymecrtByer mocrosnnas vy, > 0, 3aBucsmas
TOJIBKO OT f(2), V,, V,, TaKasd, 4to npu Bcex ze C,, u Tobom
®eC ¢ ycnoBueM || < R cnipaBe/iiiBa OleHKa

ln|f(z+co)| < 1n|f(z)|+y1 |03|Rp71 InR.

Ipenaoxenne 2. [lycts fiz) € F,p< V2, Torna mpu
BCSIKOM HaTypajibHOM d CyIECTBYET KOHEUHbIH Habop 1ie-
JIBIX YHUCEI {Ckl,kz}’ HE BCE€ U3 KOTOPBIX PaBHBI HYIIIO, Ta-
KOH, 4TO

Z Ckl,/c2 (f(z))dkl,]’(z+k2v1 ) =0 B C.

Jlemma. f(z) € F s P < \/E, TOIAA CYLIECTBYET KOHEU-
HBIA HaOOp WEeNbIX uucen {D,}, HE BCE M3 KOTOPHIX PABHEI
HYJII0, TAKOH, YTO

YD, f(z+ky)=0 B C.
k

CaeacrBue [2]. [Ipu BBITOTHEHUH YCIOBUN JIEMMBI
f(vz)= ZPk (z)oj> tae mpu Beex k P e Clz], Bee a, me-

’aT B HEKOTOpoM mojie K , Takom, 4To [K| : Q] <+ 0.
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