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O uenbix peweHUNAX ogHoro Knacca audcdepeHunanbHO-pasHOCTHbIX
ypaBHEeHUH

B.A. Iloakomnaesa, }0.C. ®énopos, A.S. SAnuenko

B psine BompocoB TeopeTHueckolt HHYOPMATHKH 33a9l CBOISTCS K MCCIIEIOBAHUIO PeIIeHUH anredpandeckux AndQepeHnnambHo-pas-
HOCTHBIX ypaBHeHHUH. K HacToseMy BpeMeHM JOCTaTOYHO XOPOIIO MCCIEIOBAHBI TOJNBKO MOJOOHbIE JIMHEHHBIE ypaBHeHUs. B o0mem
Cllyyae MOUCK U aHaJW3 PEeIIeHUH MPeaCTaBIseT MoKa HEMPEeoJ0InMble TPYAHOCTH, TTIO3TOMY B PsIIe HCCIIEIOBAaHUH H3ydaroTCsl TOIBKO
pelIeHys, IpHHAUISKAIe K Hanepé | 3alaHHoMy Kiaccy (yHkuil (Hanpumep, 1enbix). B aTom Hanpasnenun B Poccun u 3a pydeskom
TIOJTy4YEHBI Pe3YJIBTaThI, ONHCHIBAIONINE (B TOW MM HHOM CTETICHU) PEICHUsS JUIs ONPEACIEHHBIX KIIACCOB alireOpandeckux anddepeHnn-
anbHBIX ypaBHeHHH. [I11s1 HemuHeHHbIX anreOpanueckux U hepeHInanTbHO-pa3HOCTHBIX YPABHEHUH Pe3yNbTaThl (Jaxe ATl JOCTaTOTHO
Y3KHUX KJIAcCOB (PyHKIHI — HAIPUMep, MHOTOWICHOB) OTCYTCTBYIOT.

OnucaHbl BO3MOXKHBIE PEIIeHHUs (SIBIISIOMINECS LEeIbIMH (QYyHKIMSAME KOHEUHOTO MOpPS/IKa) HEJIMHEWHBIX anredpandeckux anddepeHnn-
abHO-PA3HOCTHBIX YPAaBHEHUH JOCTaTOUHO oOmiero Buaa. [lokazaHo, 4To ypaBHEHHs OMPENEIEHHON CTPYKTYPbl MOTYT UMETh LIEJIBIMH
PELICHISME TOJIBKO KBa3HMHOTOUICHEL.

Jloka3aTenbCTBO OCHOBAHO Ha MCIOIB30BAHUH TEXHUKH PabOThI C LEIbIMUA (QyHKIHAMHE, pa3paboTaHHOH aBTOpaMU B MOCJIETHHUE TOJIbI.

Kniouesvie crosa: mupdepeHnanbHO-pasHOCTHRIE yPABHEHHUS, LIeJIble (yHKIMH.

Jlna yumuposanua: Tlonkonaesa B.A., ®énopos 10.C., Sauenko A.Sl. O menbIx pemeHusx ogHoro kiacca auddepeHIranbHO-pa3HOCTHBIX
ypaBHenwit // Bectank MOU. 2019. Ne 2. C. 118—120. DOI: 10.24160/1993-6982-2019-2-118-120.

On Integer Solutions of a Class of Differential-Difference Equations
V.A. Podkopaeva, Yu.S. Fedorov, A.Ya. Yanchenko

Problems dealt with in a number of theoretical computer science matters are reduced to studying the solutions of algebraic differential-difference
equations. By now, only linear equations of this sort have been studied to a fairly good extent. In the general case, a search for and an analysis of
their solutions still involve insurmountable difficulties. Therefore, in a number of studies, solutions belonging to a predetermined class of functions
(e.g. integer ones) are only considered. In Russia and abroad, results describing (to some or other degree) solutions for certain classes of algebraic
differential equations have been obtained in this problem area. However, no results are available for nonlinear algebraic differential-difference
equations, even for quite narrow classes of functions, e.g., polynomials.

The article describes possible solutions (which are integer functions of a finite order) for nonlinear algebraic differential-difference equations of a fairly
general kind. It is shown that equations of a certain structure can have integer solutions only in the form of quasipolynomials.

The proof'is based on using the techniques of dealing with integer functions that has recently been developed by the authors.
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UccnenoBanne anredpanueckux auddepeHratbHbIX
(wmm g depeHnnanTbHO-pa3HOCTHRIX) YPaBHEHUI B KOM-
TUIEKCHOM 00JIacTH CUMTAETCsl KJIACCHYECKOW 3ajadeil Teo-
pun auddepeHratbHbIX ypaBHeHud. [Ipu atom mouTtn
BCE MMEIOIINECS] K HACTOAIIEMY BPEMEHH Pe3YJbTaThl OT-
HOCSITCS TMOO K JIMHEWHBIM YPaBHEHUSIM, JIMOO K KOHKpET-
HBIM YPaBHEHHSIM BTOPOTO IOpsizKa (HapuMep, ypaBHEHHE
Iennese [1]). OmHUM U3 HEMHOTHX OOIIMX PE3YJILTATOB
SBIsieTCS Teopema JDpmuta [1], omuchiBaromas peuieHue
ypaBHeHus P(y, y') = 0 nis MHOTOWwIeHOB P panra 0.

K HacrosilieMy BpeMEeHM HET HUKAaKUX MOAXOJ0B K pe-

LICHUIO YpaBHEHUI P(z, 2 A y(n)) B 0o01mIeM ciryyae.

B nocneanue necaTuneTrs mossBUIICS Psijl Pe3yiibTaToB
0 MCCJICIOBAHUIO pelIcHU anredpamueckux nuddepeH-
LUAJIbHBIX YPAaBHEHUH, OTHOCSIIMXCS K KaKOMy-JIMOO Ha-
nepéy 3aaHHOMY Kiaccy (yHkmmid. Tak, paccMaTpuBaroT-
Csl pEIlCHHMs, SIBIISIOIIUECS LENbIMUA (QYHKIHUIMHU (MMEIOT
MIPUIIOKEHUS B TEOPUU TPAHCLCHICHTHBIX uncen) [2 — 4].
Bonee monpoOHO ¢ MOMyYEeHHBIMH pe3yibraTaMi MOKHO
O3HAaKOMHThCS B MOHOTpaduu [5]. OTMETHM, YTO K HACTO-
SIIIEMY MOMEHTY BCE PE3YJIbTaThl IMOJYYEHBI TOJBKO JUIS
i depeHnnanbHbIX YpaBHEHHUH.

BriepBbie onmcaHbl Leble peIIeHUs! J0CTaTOuHO 00JTb-
oro kiacca A pepeHInanTbHO-pa3HOCTHBIX YPaBHEHUH.

Teopema. [Iycmo m, n — namypanvhvie.

Paccmorpum auddepeHnnansHO-pa3HOCTHOE ypaBHEHHE

Y4323 3 () (24 5) =0,

rae {C,-j (z)} — MHOIOYJIEHBI ¢ KOMILIEKCHBIMH K03 hu-

UUEHTaMU; {d,} — KOMIUIEKCHBIE YHCIIA, HE BCE M3 KOTO-
PBIX HyJEBBIC.
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Torna, eciiu jaHHOE ypaBHEHHE MMEET pEIICHUE, SIB-

JSIoIIeecs Menol QyHKIHe KOHEYHOTo mopsaka f(z), To
N

npn Hekotopom Harypamshom N f(z)=) 0y (z)e™,

rie {Q,(z)} — MHOTOUJIEHBI C KOMI'IJ'IeKCHI)Illc\/II/]I koa(urm-

€HTaMmu; {0, } — KOMIUIEKCHBIE YHCIIA.

[Tpu noKa3aTeNnbCTBE TEOPEMbI HCIIOIb30BaHA TEXHUKA
paboTsl ¢ nenbiMu QyHKIusMH [6]. B wacTtHOCTH, Cymie-
CTBCHHBIMH SIBJIAIOTCS CIICAYIOIINE yTBepxKaeHu [7, 8].

Ipenaosxenne. Ilycts 4(z) — nenas pyHKIMA, 1 IpU
HEeKoTOpoM p > 0

In In max |h (z)|
—_ ‘Z‘SR
lim

<p.
R—x0 InR P

Torma ms Besxoro € > 0 cymectyer R, = R (¢) > 0, Ta-
KO€, YTO MPHU BCAKOM R > R0 u arooom H > 0 u3 Koibia
C,= {2R <|z| < 3R} MOKHO BBIOPOCUTH KOHEUHOE UMCIIO
KPY’KKOB C 001IIe# cyMMO# paanycoB He 6onee 2H Tak, 9To
npu BeskoM z € C,, HO BHE BBIOPOIIEHHBIX KPYXKKOB IIPH
J1000M HaTypaJIbHOM 7 CTIpaBeJIMBa OLCHKA!

Q) (z)
h(z)

IJe G — IOCTOSIHHAS, 3aBHUCSANIAS TOJNBKO OT 7; hi(z), € —
(dyHKIMN.

Jlemma 1. Iycts & € (0; 1); R > 20", B, — KxoHedyHoe
MHOXECTBO KPYXKKOB C OOIIEH CyMMOI paguyCcoB MEHee,
gyem 2R', nexaiiee B koible {2R <|z|<3R}.

Torma mainérca umcno R, € (2R; 3R) Takoe, YTO
OKPYXHOCTh BR] = {z:|z| = R,} He nepecekaercs CO MHO-
JKECTBOM B,

<o|1+ R ' InR+

>

RP*E lnRJ
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