ONOOEPEHUMATIbHBIE YPABHEHUA,
ANHAMWYECKWME CUCTEMBbI N ONTUMAIBHOE YTMPABIEHUE 143

YIK 517.972.5
DOI: 10.24160/1993-6982-2019-4-143-146

O 3apgaye npoponmkeHna PyHKLUMN BHYTPb Kpyra B NPOCTpaHCcTBaxX
C BECOM, MMEIOLUM OCOGEHHOCTb Ha rpaHuLe

I1.B. 3yoxoB

JlokazaHo, 9TO BCSIKAsi KBAAPATHIHO-CyMMHpPyeMasi CO CTETICHHBIM BECOM B GAMHIYHOM KpyTe (hyHKIHS SANHCTBEHHBIM 00pa3oM MpeaCTaBIs-
€Tcs B BHJI€ OPTOrOHAJIbHOM CyMMbI aHAJIMTUYECKON M KOAHATUTHYECKOH COCTaBNISIONINX, II09TOMY KOAHAJIUTHYECKYIO COCTABIISIOILYIO €CTe-
CTBEHHO CUUTATh OMPEIETEHHON XapaKTepPUCTUKON HEaHATMTUYHOCTH (PyHKIMH. PaccMoTpeHa 3amada o HaXOXKJIEHWH TaKOTO MPOJOKEHUS
(YHKINHM ¢ eIHHIYIHON OKPYKHOCTBIO BHYTPH KpPyTa, YTOOBI OHO HalMEHee YKJIOHSIIOCH OT BECOBOTO MOIIpocTpancTBa CoboreBa aHaINTHYIC-
ckux (QyHKIMiT (3a1a4a MUHUMH3AIMY KOQHATMTUYECKOTO YKJIOHEHHS). AHAIOTMYHbIE KOQHAIMTHYECKHE 3a/1a91 PEIIaNCh APYTUMH aBTOPaMH
B 0€3BECOBOM CITyyae Ul €IMHIYHOTO KPyTa, HOIYIOI0ChI, TPOU3BOIBHOI OrPaHIMYEHHON OIHOCBS3HOM 00/1aCTH C INIaJKOl rpaHuLel. 3a1aqa
TIOCTaBJICHA B IPOCTPAHCTBAX C BECOM, IMEIOIUM CTEIICHHYI0 0COOCHHOCTH HA BCEH I'PAHUIIE €IMHUIHOTO KPYTa, & TPaHIYHbIE 3HAYCHUS (DyHK-
LIMH B3SITHI U3 COOTBETCTBYIOLIET0 pocTpancTBa becosa. ChopMyitpoBaHbI H3BECTHBIE CBOMCTBA BECOBBIX IPOCTPAHCTB, B TOM YHCIIE TIPsIMAast
1 oOpaTHast TEOPEMBI O clieiax (yHKIHI U3 paccMaTpUBaeMBbIX KIIaccoB. MICTIONb3ys 3TH CBOICTBA, B paMKax M€ TEOPUH MOHOTOHHBIX OTepa-
TOPOB JJOKa3aHa TEOpEMa O CYILECTBOBAaHUM M €MHCTBEHHOCTHU PEILCHUS 3aJauHl.

Kurouesvle crnosa.: BeCOBbIC IIpOCTpPaHCTBa, 0COOEHHOCTH Ha TpaHulE, KOaHAJIUTHYCCKAs 3a1a4a, IMPOJOJIKECHUE (byHKIII/II/I

Js yumuposanus: 3yoxos I1.B. O 3anaue npoomkeHnst QyHKIHMHA BHYTPb KPyra B IPOCTPAHCTBAX C BECOM, HMCIOIIMM 0COOCHHOCTh Ha TPaHu-
e // Becrank MOU. 2019. Ne 4. C. 143—146. DOI: 10.24160/1993-6982-2019-4-143-146.

On the Problem of Extending a Function to inside a Circle in Spaces
with a Weight Having a Singularity at the Boundary

P.V. Zubkov

It has been proven that any quadratically summable function with a power weight in the unit circle is uniquely represented as an orthogonal sum
of its analytic and coanalytic components; therefore, it is natural to consider the coanalytic component of a function as a certain characteristic of
its nonanalyticity. The article considers the problem of finding the extension of a function with the unit circle inside the circle that it would have
the minimal deviation from the Sobolev weight subspace of analytic functions (the problem of minimizing the coanalytic deviation). Similar
coanalytic problems were considered by other researchers in the weightless case for a unit circle, half-band, and an arbitrary bounded simply
connected domain with a smooth boundary. The problem is formulated in spaces with a weight having a power singularity at the unit circle entire
boundary, and the boundary values of the functions are taken from the corresponding Besov space. The known properties of weight spaces,
including the direct and inverse theorems about the traces of functions from the considered classes are formulated. By using these properties, a
theorem about the existence and uniqueness of the problem solution is proved in the framework of the ideas of the monotonic operators theory.

Key words: weight spaces, singularity at a boundary, coanalytic problem, function extension.

For citation: Zubkov P.V. On the Problem of Extending a Function to inside a Circle in Spaces with a Weight Having a Singularity at
the Boundary. Bulletin of MPEI. 2019;4:143—146. (in Russian). DOI: 10.24160/1993-6982-2019-4-143-146.

ITocranoBKka 3agaun 5 of 2 of 2
L/2 L
IMycth K = {z € C": |z] < 1} — Kpyr eMHUYHOTO PajIK- HVf(l—p) LK) H o * 5 (1-p)" dxdy
yeca; I'={z € C": |z]| = 1} — rpaHuIa eANHUYHOTO KpyTa. £
B KadecTBe BeCOBOii (DyHKIMH Ha K PACCMOTPHM CTe- — TaK Ha3bIBACMBII «BECOBOM MHTErpai upuxiey.
TneHHy10 (QyHKIMIO, MMEIOITYI0 0COOEHHOCTh Ha Beeil rpa- Ilepeuncinum psz cBoicTB BBeAeHHOTO Kiacca W (K)
umne I, Buga p(x, y) = (1 — p)-, tae p= 2+ y2 ,—1<L<I. (dhyHKIUH (IpUBOIATCS 1O MaTepuanam [ 1]).
Cumsorom W) (K) 0603HaumM BecoBoil Kiace (yHK- 1. Ilycte —1 < L < 1, Toraa CnpaBeiiuBoO BIOKEHHUE
LIUH, onpeJieNIeHHbIX Ha K, JUIst KOTOPBIX KOHEYHA BEJIMYMHA Wy, (K)c BS‘”’Z (T"). D10 03HA4ECT, uTO e [ € W) (K),
P {“vf(l )m X "f , }1/2 TO OHa MMeeT Ha rpanule I ciens ’
) = - + ,
Wa(6) Pl iy "W e 7l = £ e BT (1),
rme U TIPY 5TOM BBINOJIHAECTCSI HEPABEHCTBO

Fiw) = [JIIT dy
K

oll-o ) < €It

w3 (K)?

MATEMATUVKA BectHnk M3OW. Ne 4. 2019



ONOOEPEHUMATIbHBIE YPABHEHUA,
144 ANHAMWYECKWME CUCTEMBbI N ONTUMAIBHOE YTMPABIEHUE

rae koHctanTta C HE 3aBUCHT OT (QYHKIIUH f, 371€Ch U Jajiee
B(I'), v> 0 — npoctpanctso becosa [2, ¢. 267—268].

2. Ilyctp -1 < L < 1. Ecimm 3amana ¢yHKInA
f, e B2 ('), o cymectsyer dynkius f € W, (K), s
KOTOPOH BBITIONIHEHO PABEHCTBO f|. = f,, U cupaBennBa
OLICHKA
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3. Iycts —1 <L <1, Toraa crpaBeiyiuBO HEPABEHCTBO
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B [3] moxaszaHo, 9TO BCsAKas CymMMHpyemasi C KBajpa-
TOM (DyHKIHS B BECOBOM ITPOCTPAHCTBE MOXKET OBITH Pe/-
CTaBJIeHa B BUJIC OPTOTOHAIBHON CYMMBbI aHAIMTHYECKON 1
KOAQHAJIMTHYECKOH COCTaBIISIONINX

f2)=12) + 1.2,

MI03TOMY KOAHAJIUTHUECKYIO COCTABIISIONIYIO €ECTECTBEHHO
CUNUTATh ONPEIECICHHON XapaKTepUCTHKON HeaHaJUuTH4-
HOoCcTH (QyHKIUH. B [4] moka3aHa SKBHUBaJICHTHOCTh HOPM
BECOBOI0 MPOCTPAaHCTBa U3 [3] U mpocTpaHCTBa Wzl,L(K)’
HCIONB3yeMOro B HacTosiell pabore. B HeBecoBoM city-
yae (L = 0) xoaHanuTHYECKas 3a/1a4a nccienonanacs FO.A.
JlyOuHCKHMM JUIsl Kpyra €AMHHYHOTO pajuyca U MOIyIo-
mocel B [5, 6] u FO.A. dyouncknm, A.C. OcumneHko as
IIPOM3BOJIBHOM OTrpaHMYEHHOW OHOCBSI3HOM obOnacTu ¢
raakoil rpanuuedt B [7]. [IpoBeneHHbIN aHamu3 MaTeMaTh-
yeckux 0a3 manaeix Math-Net, ZentralMath, MathSciNet,
a taioke 6a3 nutuposanust PUUHI u Scopus mokasai, 4to B
MIOCTIEIHNE TO/IBI IaHHAS 3a]a4a He PacCMaTpHUBaach.
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C yd4eToM 3TOro ompejeieHus 00paruMcs K [oCTa-
HOBKe 3a/1a4¥ npofomkenns Qpyuxuun f, (¢) € B2 (T)
BHYTPb €IMHUYHOTO KPyTa.
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fz) € W, (K), yiOBIETBOPSIONIYIO yPaBHEHUIO

AH =0, (2)
rie A(f) — omeparop, acCOLUUPOBAHHBIN C HHTETPATIBHBIM
ToXIecTBOM (1), IpH TOTIOIHUTEITFHOM YCIIOBHH

S =1e), €)

dxdy =0. (1)

e byuxuns f, (¢) e B2 (T).
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Hmeer mecTo

Teopema. /s n06oul hynkyuu  cyujecmeyem eout-
cmeennoe peutenue  f, ((p)eBglfL)/2 (T') sadauu (2), (3)
UL, YMO Mo Jice, 3a0ayu MUHUMUZAYUU KOAHATUMUYECKO-
20 YKIOHEHUSL.

Jloka3arenbCTBO Kak CYIIECTBOBAHHUS, TaK W €JIUH-
CTBEHHOCTH PELICHHS TPOBOIUTCS B paMKax UjeH Teopuu
MOHOTOHHBIX OTIEPATOPOB.

CymectBoBanue. CBenem, Tpexke BCEro, 3aaady K
cirydaro HyneBod (QyHKIMH Ha TpaHuie. IMeHHo, ImycCTh
h(z) Wz" ,(K) — xaKoe-nmbo (GpUKCHPOBaHHOE MPOIOJIKEHHE
Gynxuun f(9), T. €. h(z)|.= f,(¢) (cBOlicTBO 2 BECOBBIX
npoctpancT). [lomoxkum u(z) = fiz) — h(z). Toroa ¢yHK-
oy y ( Z) c Wz1 ; ( K ) VIOBJIETBOPSCT HHTETPAIEHOMY TOX-
JIECTBY

A(u+ h)g(z) =0,
e g(z) e, , (K), g(z)|r = () MPOM3BOJIbHA.
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Iycts y'(z), y*(z), ... — Oa3ucHas cucTeMa B MPO-
CTpaHCTBE WZ1 ; ( K ) [Mpubnmxkennoe pemenue uY(z),
N=1,2, ..., HalileM B BHJIE:

W2) = CMy,(2) + ... + CHyN(2),

rie HeusBecTHbIe nocTosHuble CV, ..., C Y onpenensiores u3
HEJIMHEMHOM CUCTEMbl MOMEHTHBIX ypaBHEHUH [ anepkuna:
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Jureparypa

1. Hukoabcknii C.M., JIuzopkun IL.H., Mupo-
mun H.B. BecoBble (yHKIMOHANBHBIE NMPOCTPAaHCTBA U
UX TPUIOXKEHHS K MCCIIEIOBAaHHUIO KPAeBbIX 3aJau JUIsl Bbl-
POKIAIONIMXCS AIUTMITUYECKUX ypaBHeHud // M3Bectus
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Hcnonb3yst npeacTaBlIeHUE aHAIMTUYECKON B Kpyre K
dyHKIHUN

u paBeHCTBO IlapceBais, ocie HECIOKHBIX BBIYUCIEHUN
MPUIIEM K CIIEYIOIEMY COOTHOIICHUIO:

i 2n)!
vi 1-p)  <c : ( .
” f.(1=p) L(K) ‘Zn L L)(L+2). (L+2n)
OueBuaHO, uTo 1pH L = ) T0Ka3pIBa€MOE HEPABEHCTBO
CITPaBEIITNBO.

IMycts — 1 < L <1, L # 0, Torna, BOCTOIH30BABIINCH
hopmymoit Ditnepa-I'aycca [8, c. 812]

n I
a(a+1)...(a+n) n*

npu n — oo (I'(ot) — ramma-¢pyHkMs Ditnepa), MoayInm

2

2 > nlc LF(L)
<Yy U<
i <2 (2n)"

L/2

0

2

®
<C,n e[ <C, "ﬁr|r"3;““(r)'
n=1

Taknum 00pazoM, oreHKa (6) 1 ileMMa JTOKa3aHBbI.
[TponomknuM 10Ka3aTeabCTBO TEOpeMbl. B KoHEeuHOM
UTOTE MOJYYUM OLICHKY

iy < 225
WZ,I (K)

e M, > 0 He 3aBucur ot N.

OOBIYHBIMH  PACCY)KACHUSIMH YCTaHABIUBAEM, YTO
npenesbHas ToYKa u(z) MOCIeNOBaTeabHOCTH 1"(z) ynOB-
JIETBOPSIET MHTETpaJIbHOMY TOXJecTBY (4). CymiecTBoBa-
HHE PEIICHHS JI0Ka3aHO.

EnuncrBenHocts. [leiicTBUTENBHO, TYCTh (DYHKIIMU
flz) € W, ,(K) n g(z) € W, (K) — nBa peluenns 3ajaun
(2), (3). Torna, ncxons n3 Toxzaecrna (1), cranmapTHO 110-
JY4HM, YTO MX KOQHAJUTHYECKUE COCTABIISIONINE PaBHBI,
T. €. f (2) = g (2). Orcrona, yuuThiBas, 4To

(/(2)-2(2)), =0.

TNOJy4UM, 9TO f, ( Z)|F =g, ( Z)|r' CnenoBatenibHO, B CUITY

nemmbl f(2) = g (2), n, TeM cambiM, f(z) = g(2). ExnncTsen-
HOCTb, @ BMECTE C HEeWl M TeopeMa MOJIHOCTHIO JOKA3aHBI.
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