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O KorpagueHTHOCTU U KOHTPrpaaueHTHOCTU JIMHEeUHbIX anddepeHumnanbHbIX
ypaBHEHUU U CUCTEM

B.A. Topenos

B Teopun TpaHCIEHIEHTHBIX YHCEI OJJHUM U3 OCHOBHBIX METO/I0B ocTaércst Metox 3uressi—I1InmioBckoro, ¢ HOMOIIBI0 KOTOPOTO MOYKHO
JIOKa3bIBaTh TPAHCICHJCHTHOCTh U anreOpandecKyro He3aBUCHMOCTD 3HAUCHUI HETbIX (QYHKINIT HEKOTOPOro Kiacca (Tak Ha3bIBAGMBIX
E-pynxunit). [{ns npuMeHeHus JaHHOTO METO/1a He0O0X0ANMO, YTOOBI paccMaTpruBaeMble (PyHKIIMH COCTABIISUTN PEIICHNE CUCTEMBI JIMHEH-
HbIX AuddepeHIHaNbHbIX YpaBHeH!H 1 ObuTH anreOpanyecky HezaBucumsl Haja C(z).

Bompoc 06 anredpandeckoii HE3aBUCHMOCTH PELIeHHH THHEHHBIX U GepeHIINaIbHEIX YPaBHEHUH U CUCTEM TTOJJ00HBIX ypaBHEHHUIT NMe-
eT GompInoe 3HadeHue B quddepenHipansHoil anredpe, aHaTUTHIECKON TeopuH AU (epeHIMANBHBIX YPABHEHUH, TEOPHHN CHEIHaTbHBIX
(GYHKIHMIA 1 MaTEeMaTHYeCKOM aHaJIM3€ B IIHUPOKOM cMbIcie. B paborax E. Komunna, ®. Belikepca, B. bpaynsena u . Xexmana nokasaHo,
YTO 3TOT BOIIPOC BO MHOI'OM CBOJAUTCH K IIPOBEPKE YCIIOBUA KOI'PAJUECHTHOCTU U KOHTPIpaIM€HTHOCTH.

JBe crcTeMBI IMHEHHBIX OTHOPOAHBIX M dhepeHIranbHbIX ypaBHeHHH 1-ro mopsiaka ¢ koapdunnentamu n3 C(z) Ha3pIBarOT KOrpagneHT-
HBIMH (COOTBETCTBEHHO, KOHTPIPAJAUCHTHBIMH), €CIIN JUTS IPON3BONBHBIX (yHIaMeHTaIbHEIX MaTpull @ ¥ 9THX cHcTeM BBIMONHSIETCS
oz1HO 13 paBeHcTB ® = gBYC; @ (PC)" = gB, tie C € GL(C); B € GL(C(2)); g = g(z) — dynkums ¢ ycnosuem g'/g € C(z); A” — marpu-
11a, TPAHCIIOHUPOBAHHAs ¢ MaTpHLeil 4. AHAJIOTUYHO MOHATHS KOTPAJUSHTHOCTH U KOHTPIPaJUEHTHOCTH OIPEISIISIFOTCS IS JIMHEHHBIX
OJTHOPOIHEIX U ((epeHITHANBHBIX YPaBHCHNI TPON3BOIBLHOTO ITOPSIIKA.

B HEeKoTOpBIX paboTax aBTOpa, MOCBSIIEHHBIX 0000IEHHBIM THIIEPreOMETPHUECKUM (DYHKIIUSIM, (PaKTHIECKU HCIIOIb30BaHbI ApyTrHe, 00-
Jiee y3KHe OIpe/IeNIeHUs] KOTPaJueHTHOCTH U KOHTPrpajneHTHOCTH. COIIacHO MM, B MPEACTABICHHBIX PABEHCTBAX (QYHKIHS g SIBISETCS
IIPOU3BEJICHUEM CTETICHHOM 1 ITOKa3aTeNIbHOW (yHKIMI HEKOTOPOro BHAA.

HaiineHs! ycIoBHs S5KBUBAJIEHTHOCTH JAHHBIX ONPE/IeICHHH.

Kurouesoie crosa.: meron 3uress, aaredpandeckasi He3aBUCUMOCTb, E-(QyHKIIUH.
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On the Cogredience and Contragredience of Linear Differential
Equations and Systems

V.A. Gorelov

The Siegel-Shidlovskii method remains one of the basic methods in the theory of transcendental numbers. By using this method, it is
possible to prove the transcendence and algebraic independence of the values of entire functions of a certain class (so-called E-functions).
A necessary condition for applying this method is that all of the considered functions must constitute a solution of a system of linear
differential equations and were algebraically independent over C(z).

The question about algebraic independence of the solutions of linear differential equations and systems of such equations is of great
importance in differential algebra, analytical theory of differential equations, theory of special functions, and calculus (in the broad sense
of the word). As is shown in papers by E. Kolchin, F. Beukers, W.D. Brownawell, and G. Heckman, this question boils down in many
instances to verification of the cogredience and contragredience condition.

Two systems of 1* order linear homogeneous differential equations with coefficients from C(z) are said to be cogredient (or, respectively,
contragredient), if for arbitrary fundamental matrices ® and ¥ of these systems one of the equations ® = gBYC; ® (V)" = gB is fulfilled,
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where C € GL(C); B € GL(C(z)); g = g(2) is a function with the condition g'/g € C(z) and A is the matrix transposed to 4. The notions of
cogredience and contragredience for linear homogeneous differential equations of arbitrary order are defined similarly.

Another, more restricted definitions of cogredience and contragredience were in fact used in some papers of the author, devoted to
generalized hypergeometric functions. According to these definitions, the function g in the presented equalities is the product of a power

function and an exponential function of some kind.
The conditions for equivalence of these definitions are found.

Key words: Siegel’s method, algebraic independence, E-functions.
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[Tycts M(g, K) — MHOXecTBO BCeX MaTpHIl pa3Mepa
gxq c snemeHtamu u3 konbla K; GL(K) = GL(q, K) —
nonHas JuHelHas rpynma B M(q, K). uddepenunansaoe
TI0J1e, OJTy4aeMoe IPHCOETUHEHNEM K 100 F g depeH-
[UAJTBHBIX TIEPEMEHHBIX V,, ..., V,, 0003HaUUM F(V , ..., V ).

[loHsATHA KOTPaAMEHTHOCTH W KOHTPIPaJHECHTHOCTH
JTMHEHHBIX A GepeHIINaIbHBIX YPAaBHEHNH 1 CHCTEM BBE-
neHsl B [1]. Baxxabre GpaxThl, CBI3aHHBIEC C STUMH MTOHATHS-
MH, ycTaHOBIEHHI B [2 — 4]. [Tyonukamuu [1 — 3] mocss-
LIEHBl [JOKA3aTeNbCTBY alredpandeckoil HE3aBHCUMOCTH
peleHuit TUHEHHBIX AndepeHaIbHbIX YPaBHEHUH U
oTHOCATCS K Merony 3urens—Ilunnosckoro [5, 6]. B pa-
6orax [1 — 4] ucnonb3oBau annapar quddepeHnuanbHoNR
teopuu [anya [7].

[Tpumep KOTpaJMeHTHOCTH MOKHO MOJIYYUTh U3 COOT-
HOULIEHUH CMEXHOCTH JUISi THIIEPreOMETPHUECKOH (yHK-
uH, oOHapykeHHbIX emé [ayccom. [Inst mMpoM3BOIBHBIX
0000IIEHHBIX THUIIEpreoMeTprdeckux GyHKmi [5, 6, 8, 9]
YCIIOBUSI KOTPAJMCHTHOCTH TIONydeHbl aBropoM [10,
memma 12; 11]. TlepBeiii mpuMep KOHTPTPagHeHTHOCTH
(6e3 ymoMuHaHWS TEpPMHHA) CHCTEMBI TU(epeHIIHATH-
HBIX YPaBHEHUH, UMEIOIIMX OTHOIIEHUE K THUIEPreoMeT-
puueckuM (OYHKIHSM, ObLI, I[O-BUIUMOMY, IOCTPOCH
10.B. Hecrepenko [12, nemma 8]. Teopemsl 0 KorpaaueHT-
HOCTH U KOHTPIPaAUEHTHOCTH 000OIEHHBIX IHIIEpreoMe-
Tpuueckux AudepeHInaNbHbIX YpaBHEHUI, MHOTHE U3
KOTOPBIX UMENIN HEOOXOANMBIE M JIOCTATOYHBIC yCIOBUS,
Joka3anbl aBTopoM B [ 10, temma 14; 11]. IIpu atom B [10]
HCIIONB30BaHO Oosiee y3Koe ompezeneHne ¢ (GyHKIUsIMU
2(z) Buma

g(z)=z"e"” mm g(z)=2" exp(yzp +y,z"" ), (1)

mer,v,y, € C,p,p e N

IIpumepsl, nocrpoennsie B [12, 13], Takke oTHOCATCS
K ciyqaro (1).

C TOMOIIBIO CIIEAYIOMNX YETHIPEX JIEMM HalaeM yc-
JIOBUSI, TIPH KOTOPBIX B OMPEIEIICHUSX KOTPAJUCHTHOCTH
U KOHTPIPaJIMEHTHOCTH YPAaBHEHUIl MM CHCTEM B PaBEH-
ctBax @ = gBYC; @ (YC)" = gB MOXHO OTPaHUIUTHCS
ciygaem (1).

Jlemma 1. Ilycmo V — npouseonvhoe ougpepenyuans-
Hoe none ananumudeckux @yuxyuil, cooepacawee C(z), o
He coldepacawyee UPPAYUOHAILHBIX QYHKYUL, 102apugh-
Muueckue npouzgooHvle komopuix npunaodnexcam C(z).
Tozoa nrobwie auneiino Hezasucumole Hao C(z) dyuryuu,
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Jlo2apugpmureckue npousgoOHbLe KOMOPLIX NPUHAOLEHCAMN
C(z), 6yoym nunetino nezasucumvimu Hao V.

Jlemma 2. Ilycmb @, = "vk’i’s

— @yHOamen-
i,5=1,...,q;
MATHASL MATMPUYA CUCTIEMbL

Vi = A Ay e M(q,.C(2)); g, =2;

|q)k| =W :|Vk,i,s . eC(z); k = 1,...,m, &

i,
a ¢yukyuu

{Vk,i,s |k:],. comis=1 g (,9)#(qr.qk) } (3)

aneedopauuecku nezasucumovl Hao C(z).

Toeoa none V, nopooicoénnoe nao C(z) gpynrxyusmu (3),
He Co0epoicum uppayuoHaibHblX QYHKYUL, 102apu@dmu-
yeckue npouzsooHvie Komopwix nputaonedxcam C(z).

CaencrBue. Jliodvie nunelino (aneebpaudecku) Hesa-
sucumvie Hao C(z) @ynxyuu, noeapugpmuueckue npous-
800Hble Komopuix npunadnexcam C(z), npu ycrosusnx nem-
Mbl 2 6y0ym uHelHo (COOm8emcmeeHHo, aieedbpauieckis,)
He3asucumblMu Hao V.

CrenctBue n3 BTOPOH JIEMMBI MOIYYUM C TIOMOIIBIO
MEepPBOM JIEMMbI U TOTO (aKTa, YTO JH0OOE MPOU3BE/ICHHE
cTereHell pyHKIU, JorapupMIIecKiue IpOU3BOAHBIEC KO-
Topbix npuHaiexar C(z), sBisercs QyHKIMEH ¢ TaKuM
7K€ CBOMCTBOM.

Jlemma 3. [Tycmo cucmema ypasHeruil

V=AV; AeM(q,.C(2)); g=2,

He umeem HempueudailbHblX pemeHmZ, codepofcau;ux HY-

Jleeble KOMNnoHeHmol, a @ = ||v )
bS8l s=1,...,q

@ynoamenmanvnas mampuya 3moil cucmemsl. Toeda 04

— Npou3eoIbHA:

nwbozo t € {1,..., g} mampuya P :“u(i) “ ,
¥ li=0,...g-1is=1.q

20e u_ = v , aeinemcsa QyHOAMenmanvbHou mampuyell
s

s’

c)ugbd)lepeHuuaﬂbnoeo VPAGHEHUs.
W 4 aq_lv(qfl) +.o.tagw=0;¢22; a;, € C(z2),
npuuém ¥ = QO0; Q € GL(gq, C(2)).

CaeactBue. [lycmov npu ycrosusx nemmvr 3 W=|O
we = Y|, moeoa

>

deg trC(Z,W)(C<u] ,...,uq> = degtr(C(ZjWo)(C<vl’1 sV g >
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Jlemma 4. IIycmoe O, :"vk,,’s — @ynoamen-

t,s=1,....q
manvHas mampuya cucmemol (2), npuuém

A4, € M(q,(C[z, zfl]); q=2;

2 _q.
deg tr(C(z,Wk)(C<vk,l,l ,...,vk,q’q> =q° -1
W, =|®,|=c,z% exp(akzpk ); Py €N;

¢;,0;,0, €C; k=12.

Tozoa Onst KO2padUeHmHOCmU U KOHMPSPAOUECHMHOC-
mu cucmem (4,),(4,) Heobxooumo u docmamouno 6vinoi-
Henue ycnosuil (1).

[TonpobOHOe TokazarenbeTBO JieMM 1 — 4 aBTOp IUIaHu-
pyeT omy0IMKOBaTh B OTACIBHON CTAThE.
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Takum 00pa3oM, jeMMa 4 TIOKa3bIBAET, YTO HEOOXOH-
MBI U JIOCTaTOYHbIE YCIOBUS KOTPAJMEHTHOCTH U KOHTP-
IPaJIMCHTHOCTH  O0OOMIEHHBIX  THUIIEPreOMETPUYECKUX
ypaBHeHwuil u3 [10] ¢ yuétom 3ameuanus [13] cnexyet cun-
TaThb KOPPEKTHBIMH.

HccnenoBanne KOTPAJANCHTHOCTH W KOHTPTPagMEHT-
HOCTH TIO3BOJISIET YCTAHOBHUTH alreOpanvecKyio HE3aBH-
CHMOCTH 3HAYCHNH OOOOMIEHHBIX THIIEPTEOMETPHYSCKUX
(hyHKIMH, a TaKKe MOIYYUTh OIIEHKH CHU3Y MOJYJIEH MHO-
TOUWICHOB OT ATHX 3HaueHui. [Tocnennee MOXKHO clienars,
WCIIONB3YsI, HAIIpUMeEp, TeopeMsl [ 14].

3amerum, uto ecmu A, € C(z), To (W '9)/W ) =
=g W!'IW = 1/qTrA, € C(z). llootomy nemmy 4 MOK-
HO 000OIIMTH Ha JPYrHe KJIACChl yPaBHEHHH M CHCTEM,
HarpuMep, Ha YPaBHEHUS, KOTOPHIM Y/IOBJIETBOPSIOT
G-dyHnkunu (onpeseneHre U NepBoHavYaIbHbIC CBEICHUS O
G-dyHKUMAX TpUBEACHH! B [6, c. 430—435]).
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